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Abstract
We study a 6d model of a set of self-dual 2-form B-fields interacting with a non-abelian
vector A-field which is restricted to a 5d subspace. One motivation is that if the gauge
vector could be expressed in terms of the B-field or integrated out, this model could lead to
an interacting theory of B-fields only. Treating the 5d gauge vector as a background field,
we compute the divergent part of the corresponding one-loop effective action which has the
(DF )2 + F 3 structure and compare it with similar contributions from other 6d fields. We
also discuss a 4d analog of the non-abelian self-dual model, which turns out to be UV finite.
1Also at Lebedev Institute, Moscow.
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1 Introduction
The possible existence of interacting theories of non-abelian 2-form fields in 6 dimensions
possessing some unusual properties such as lack of manifest Lorentz symmetry and/or locality
is an important open problem (for a recent review and references see, e.g., [1]). As a first
step, one may study a system of 2-form potentials B in some representation of gauge group
G coupled “minimally” to a non-abelian gauge vector A. Similar couplings appeared, e.g.,
in the context of attempts to construct an interacting theory of 6d (2,0) tensor multiplets in
[2] (see also [3, 4, 5]).
Here we shall consider a simple bosonic model of interacting (B,A) fields following [6, 7, 8].
We shall study both the model with self-dual B-field strength and the non-chiral B-field
model. It turns out that a consistent gauge-invariant coupling is possible provided one keeps
2
only the 5d part of the 6d Lorentz symmetry.1 The action is quadratic in B and takes a local
form in a particular gauge, with the A-field restricted to “live” only in 5d subspace of the
6d space. More generally, one may attempt to consider an extension where A is expressed in
terms of B leading to a non-local interacting theory of B-fields only.
Our aim will be to study this (B,A) model at the quantum level.2 We shall concentrate
on the one-loop approximation where B is integrated out and A is treated as a background.
As is well known, quantizing free scalar, spinor or Yang-Mills (YM) fields coupled to an
external vector in 6 dimensions produces (DF )2 + F 3 logarithmic UV divergences in the
effective action (see, e.g., [9]). We shall find that similar divergences appear also from the
B-field loop, implying, in particular, the breaking of the classical scale invariance. One may
hope to cancel these divergences by adding other fields (e.g., imposing supersymmetry) but
so far we did not find such a finite model.
As in the case of the 6d Weyl fermions [10, 11], one could expect that the chiral nature
of the self-dual B-field model implies the presence of anomalous (gauge-symmetry breaking)
terms in the parity-odd part of the effective action (which would be a gauge-field counterpart
of the familiar gravitational anomaly in the case of a single self-dual tensor [11, 12]). However,
this does not happen in the present case: as the A-field is restricted to 5 dimensions, the
effective action has no parity-odd part, i.e. there is no gauge anomaly as in any 5d theory.
We start in section 2 with a description of the gauge symmetries and the classical action
of the (B,A) model – both its non-chiral version and the chiral version with the self-dual
B-field strength. In the Bi6 = 0 gauge the corresponding actions take simple form (2.14) and
(2.27). We shall argue that the one-loop effective action of non-chiral model (2.31) should
be twice the effective action of the self-dual model.3
The general (DF )2+F 3 structure (3.2) of the UV divergent part of the 6d effective action
in a gauge field background will be discussed in section 3. We shall summarize the results
for the corresponding two coefficients β2 and β3 for a collection of 6d fields (see (3.6),(3.7)).
The values of β2 and β3 for the self-dual and the non-chiral models will be derived in detail
in section 4 by computing the divergent parts of the A2 and A3 terms in the effective action.
We shall use dimensional regularization procedure (applied only with respect to 5-momenta)
that preserves background gauge invariance.
Some concluding remarks will be made in section 5. In Appendix A we review the
structure of the free B-field partition function. Some standard integrals are summarized in
Appendix B. The same values of β2 (4.12) and β3 (4.19) in the self-dual model are indepen-
1This may not be unnatural given that already at the free level the Lagrangian description of a self-dual
B-field is not manifestly Lorentz invariant.
2The model of [6] in the generalized version adopted below has an advantage of having an explicit La-
grangian formulation for massless 6d 2-forms without introducing extra auxiliary fields. It would be inter-
esting also to perform a quantum study of similar models considered in refs. [1, 2, 3, 4, 5].
3If the effective action of the chiral model had a parity-odd component, the effective action of the non-chiral
model would be twice the parity-even part of the chiral effective action.
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dently obtained in Appendix C from the A6 term in the effective action. In Appendix D we
discuss a non-local effective action of a 4d analog of the 6d self-dual (B,A) model.
2 Non-abelian B-field coupled to gauge vector
2.1 Gauge symmetry and field strength
The abelian antisymmetric rank 2 tensor field has a familiar gauge symmetry
δBµν = ∂µν − ∂νµ . (2.1)
There is the residual gauge symmetry, δµ = ∂µη, which allows one to remove one component
from µ and is thus important for the correct degrees of freedom count. A non-abelian
generalization of (2.1) should also admit some non-abelian analog of this residual gauge
symmetry. The abelian gauge-invariant 3-form field strength is Hµνλ = ∂µBνλ + ∂νBλµ +
∂λBµν . To write down a gauge-invariant action in a non-abelian case, there should exist a
generalized field strength that transforms covariantly.
It turns out that it is possible to construct such a model if one relaxes the condition
of 6d Lorentz covariance (and locality). Our starting point will be a model involving a 6d
2-form field Bµν in some representation of gauge group G and a gauge vector field Aµ. For
the simplicity, we assume that both Bµν and Aµ are taken in the adjoint representation of G
and use the following notation: Dµ... = ∂µ...+ [Aµ, ...], Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ]. One
can define the non-abelian gauge transformations as [6]
δAµ = Dµλ , (2.2)
δBµν = Dµν −Dνµ − [Fµν , (nρ∂ρ)−1(nσσ)] + [Bµν , λ] . (2.3)
Here λ is the parameter of Aµ gauge transformations under which Bµν transforms covariantly;
µ is the parameter of the gauge transformations of Bµν , which, like λ, is now taking values
in the algebra of G. The vector nµ is a fixed constant unit vector which selects a particular
direction in 6d space breaking O(6) symmetry to O(5). In the abelian limit, the gauge
transformation (2.3) reduces to (2.1).
The structure of the non-local term in (2.3) is chosen to be such that if we further assume
that nµAµ = 0 then there is a non-abelian generalization of the residual gauge symmetry of
the parameter µ in (2.1) under which δBµν is invariant:
δµ = Dµη , δλ = 0 . (2.4)
If we impose the additional condition that nµ∂µAν = 0, i.e. that Aµ depends only on 5 of
the 6 coordinates (so that, in particular, [(nµ∂µ)
−1, Dν ]f = 0 for a 6d function f(xλ)) then
one can check that the gauge algebra closes:
[δ1, δ2] = δ3 , with λ3 = [λ1, λ2] , µ3 = [λ1, µ2]− [λ2, µ1] . (2.5)
4
Figure 1: Sketch of B- and A-fields in 6d space. The B-field has 5-indices (in Bi6 = 0 gauge)
but depends on all 6 coordinates. The A-field “lives” only in a codimension-1 subspace with x6 = 0
(colored region) where the interaction takes place.
The corresponding field strength of Bµν is defined as
Hµνλ = DµBνλ +DνBλµ +DλBµν
+[Fµν , (n
ρ∂ρ)
−1(nσBλσ)] + [Fνλ, (nρ∂ρ)−1(nσBµσ)] + [Fλµ, (nρ∂ρ)−1(nσBνσ)] ,(2.6)
where the non-local terms ensure that H transforms covariantly:
δHµνσ = [Hµνσ, λ] . (2.7)
Thus one can consistently couple the non-abelian antisymmetric tensor to a non-abelian
gauge field restricted to a codimension-1 (“boundary”) subspace, i.e. with an effective non-
locality along the “bulk” direction (see Fig.1). This non-locality may be viewed as a gauge
artifact as there is a gauge in which the corresponding action is local (see below). Note also
that we do not impose any boundary condition at x6 = 0.
Without loss of generality, one can always choose nµ to point in the 6th direction, i.e.
nµ = (0, 0, 0, 0, 0, 1), so that the vector field restricted as above “lives” in 5d subspace
4
Aµ = {Ai(xk, 0), A6 = 0} , Fi6 = 0 , Fij = ∂iAj − ∂jAi + [Ai, Aj] , D6 = ∂6 . (2.8)
This (B,A) model may be viewed as an intermediate step towards constructing an interacting
model of B-fields only. For example, one may interpret A not as an independent field but
as related to B by some non-local condition. In [6] the x6 direction was assumed to be
compactified to a circle of radius R and Ai was related to the zero mode of Bi6: Ai ≡∫
dx6Bi6 = 2piRB
(zero mode)
i6 (x
k). Moreover, the zero mode of the 3-form field strength was
4We assume the Euclidean signature with 6d indices µ, ν, λ, ... = 1, ..., 6 and use i, j, k, .. = 1, ..., 5 for 5d
indices.
5
defined directly via the Hodge duality: Hijk(x
k, 0) ≡ i
4piR
ijkmnFmn.
5 One may also treat Ai
first as an independent quantum field and then integrate it out in the path integral obtaining
an effective non-local model of self-coupled non-abelian B-fields.
Below we shall view Ai just as a background field coupled to the quantum B-fields. This
interacting theory will have only SO(5) part of the full 6d rotational (Lorentz) symmetry.
2.2 Classical action and gauge fixing
Our starting point will be the following gauge invariant action describing the non-abelian 6d
field Bµν(x
µ) coupled to the 5d gauge field Ai(x
j):
S = 1
6
∫
d6x Tr (HµνλH
µνλ) . (2.9)
Here Tr is in some representation R of gauge group, with Tr (Hata)2 = TRH
aHa (a =
1, ..., dimG), with ta being hermitian generators and TR =
1
2
or TR = C2 if H is a matrix
with indices in fundamental or adjoint representation.
The overall (dimensionless) normalization constant in the action (2.9) will not be im-
portant as in this paper we will only consider the 1-loop approximation treating Ai as a
background field. In general, to make the model renormalizable one would need to introduce
also A-dependent counterterms
∫
d6x [c1(DF )
2 + c2F
3] (see below), i.e. two extra dimension-
less coupling constants.6
From (2.6) and (2.8) we have
Hij6 = ∂6Bij +DiBj6 −DjBi6 , Hijk = DiBjk + [Fij, ∂−16 Bk6] + (i, j, k cycle) . (2.10)
The action (2.9) is invariant under gauge transformations (2.2) and (2.3), i.e.
δBij = Di¯j −Dj ¯i + [Bij, λ] , δBi6 = −∂6¯i + [Bi6, λ] , δAi = Diλ , (2.11)
where λ = λ(xi) and we redefined the gauge parameter i → ¯i as
¯i = i −Di∂−16 6 . (2.12)
We can fix the ¯i gauge freedom by the natural gauge Bi6 = 0 in which the field strength
becomes manifestly local
Bi6 = 0 : Hijk = DiBjk +DjBki +DkBij , Hij6 = ∂6Bij . (2.13)
5Note that this implies
∫
d6xH2ijk(x
k, 0)→ 1R
∫
d5xF 2ij , which is formally consistent with scaling symme-
try. The compactification assumption naturally breaks the global SO(6) symmetry to SO(5) × SO(2). In
the non-compact x6 case one may set Ai ≡
∫
dx6Bi6, λ ≡
∫
dx6 6 and impose the boundary conditions:
η(xi,±∞) = 0, i(xk,±∞) = [Ai, λ], to preserve the gauge-covariant structure.
6In general, one could also consider adding the 5d Chern-Simons action for A:
S5d =
κ
3
∫
Tr (A∧F ∧F + i2A∧A∧A∧F − 110A∧A∧A∧A∧A), but it will not be naturally induced in
the model based on (2.9) and also in its self-dual version discussed below.
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The gauge-fixed action (2.9) is then given by
S = 1
2
∫
d6x Tr
[
(∂6Bij)
2 + 1
3
H ijkHijk
]
= 1
2
∫
d6x Tr
(
Bij∆mnij Bmn
)
, (2.14)
∆mnij = −δmnij (∂26 +D2) + 2δ[m[i Dn]Dj] , D2 ≡ DiDi , δmnij = δm[i δnj] , (2.15)
where [ij] stands for antisymmetrisation with weight 1
2
and DiBjk ≡ ∂iBjk + [Ai, Bjk].7
Our aim will be to compute the logarithmic divergences in the Ai-dependent 1-loop ef-
fective action found by integrating out the B-field in (2.14)8
Γ = 1
2
log det ∆mnij (A) . (2.16)
The operator ∆mnij in (2.15) defined on 6d field Bij(x
µ) is, in general, non-degenerate and the
gauge condition Bi6 = 0 does not lead to a non-trivial (A-dependent) ghost determinant (cf.
(2.11)). Note that the gauge-fixed action (2.14) is still invariant under the following 5d local
gauge transformations (U(xi) ∈ G):
B′ij = UBijU
−1 , A′i = UAiU
−1 + U∂iU−1 . (2.17)
Provided the regularization preserves this symmetry, the effective action (2.16) should thus
be built out of gauge-invariant combinations of Fij and Di.
2.3 Self-dual B-field model
Let us now consider the analog of the non-abelian action (2.14) in the case of the B-field
with a self-dual field strength. Let us first review the free-field case of a single self-dual field.
In Minkowski signature the real 6d self-duality condition reads
Hµνλ =
1
6
µνλσρδH
σρδ . (2.18)
As is well known, one way to find the action corresponding to (2.18) is to relax the manifest
Lorentz symmetry. A systematic approach is to start with the phase-space path integral
for the non-chiral H2µνλ theory, impose the standard “time-like” gauge Bi0 = 0, trade the
momenta corresponding to Bij for another 2-form field and then impose the self-duality
truncation ending up with the “EB − BB” type action (E is “electric” and B is “magnetic”)
7Note that the 6d action (2.9) or (2.14) is manifestly scale invariant. Starting with such an (dB + AB)2
action and integrating out Ai should give a local, scale-invariant but non-polynomial and non-Lorentz-
invariant action ∼ (BB)−1dBdB for the non-abelian B-fields. It will not have free quadratic part and will
thus require some non-trivial (scale-invariance breaking) B-field background to define a perturbation theory
(cf. [13]).
8We ignore the Ai-independent factors in the partition function Z = e
−Γ that should agree with (A.4)
in the free limit. See Appendix A for a discussion of the free B-field partition function in the “axial” gauge
Bi6 = 0.
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[14] (see also [15, 16, 17, 18]).9 Switching to the Euclidean notation that we shall use below
(x0 → ix6, with the gauge condition Bi6 = 0) the resulting action is (i, j, ... = 1, ..., 5)
S˜+ =
∫
d6x 1
2
i ijkpq∂kBpq
(
∂6Bij +
1
2
i ijrmn∂rBmn
)
. (2.19)
It formally has a residual gauge invariance δBij = ∂iξj−∂jξi.10 Taking the variation of (2.19)
over Bij we obtain the equation of motion which may be written as
11
∂[kO+Bij] = 0 , (O±)ij,mn ≡ δij,mn∂6 ± 12i ijrmn∂r . (2.20)
It is solved by
O+Bij = ∂iqj(xi)− ∂jqi(xi) + fij(x6) , (2.21)
for a 5d function qi(xi) and a function fij(x
6) that does not depend on 5d coordinates.
Absorbing qi part into a formal redefinition of Bij in ∂6Bij term in O+Bij and imposing the
boundary condition that the self-duality condition O+Bij = 0 is satisfied at “spatial infinity”
|xi| = ∞ we conclude that fij = 0 and thus O+Bij = 0 is satisfied everywhere. Integrating
over Bij in the path integral defined by the action (2.19) and taking into account the necessary
determinant factors in the measure one finds that the resulting partition function is
Z+ =
(
detO⊥+
)−1/2
, (2.22)
where O⊥+ acts on transverse B⊥ij field and thus describes 3 dynamical degrees of freedom as
expected.12
The equivalent results can be obtained by starting with an alternative (“EB−EE”) action
S+ =
∫
d6x ∂6Bij
(
∂6Bij +
1
2
i ijkmn∂kBmn
)
. (2.23)
Here the equations of motion ∂6(O+Bij) = 0 reduce to O+Bij = fij(xk), and thus if the self-
duality condition O+Bij = 0 is imposed at |x6| = ∞, it is satisfied everywhere. The action
(2.23) has a 5d residual gauge symmetry δBij = ∂iξj − ∂jξi, where ξi = ξi(xk). The Bij
path integral measure here should have an extra factor of (det ∂6)
1/2 that ensures 6d Lorentz
invariance; as a result one finds the same chiral partition function (2.22) (cf. Appendix A).
9To get the right count of degrees of freedom at the level of path integral one should also keep track of
appropriate Jacobians in the path integral measure.
10This a 6d symmetry; the action is invariant up to a surface term. This residual symmetry is an artifact
of the action (2.19) – it is absent in the required self-duality equation O+Bij = 0.
11As in (2.15), we adopt the standard convention δmnij =
1
2 (δ
m
i δ
n
j − δni δmj ).
12B⊥ij has
1
2 × 4× 5− (5− 1) = 6 real components and that the differential operator is a 1-st order one (cf.
Appendix A).
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Note that the free limit of the non-chiral action (2.14) is equivalent to a combination of
the self-dual and anti self-dual models: in the free limit the kinetic term in (2.14),(2.15) may
be written as
(∂6Bij)
2 + 1
3
H ijkHijk = O+Bij O−Bij , (2.24)
and thus the corresponding partition function is given by
Z = (det ∆⊥)−1/2 = Z+Z− . (2.25)
The above discussion has a straightforward generalization to the non-abelian case. Namely,
let us require that the self-duality condition (2.18) or its Euclidean counterpart in the Bi6 = 0
gauge should be satisfied for the non-abelian field strength (2.6) or (2.10), i.e.
Oˆ+Bij = 0 , (Oˆ±)ij,mn ≡ δij,mn∂6 ± 12i ijkmnDk(A) . (2.26)
One may expect that this condition should follow (under the corresponding boundary con-
ditions discussed above) from the direct analogs of (2.23) and (2.19):
S+ =
∫
d6xTr
[
∂6Bij
(
∂6Bij +
1
2
i ijkmnDkBmn
)]
, (2.27)
S˜+ =
∫
d6xTr
[
1
2
i ijrpqDrBpq
(
∂6Bij +
1
2
i ijkmnDkBmn
)]
. (2.28)
This is indeed obvious for (2.27) but is not immediately so for the second action (2.28).
The equations of motion following from (2.28), D[iOˆ+Bjk] = 0, may be solved as Oˆ+Bij =
q(x6)Fij(x
k) + fij(x
6), where Fij is the field strength of Ai. One may then attempt to absorb
the F -term by a (non-local in x6) redefinition Bij → Bij + (∂6)−1q(x6)Fij(xk) to arrive at
the self-duality condition. However, the quantum equivalence of the theories based on (2.27)
and (2.28) becomes unclear as an extra determinant of the operator 1
2
i ijrpqDr coming from
(2.28) will now have a non-trivial dependence on Ai.
In what follows we shall use the simplest action (2.27) as defining the non-abelian self-
dual B-field model.13 Since the ∂6 operator factorizes in (2.27), the corresponding partition
function is given by the direct analog of (2.22) with O+ → Oˆ+(A).14 It is straightforward
to check that the operator ∆(A) in the non-chiral action (2.14),(2.15) is given again by the
product of the self-dual and anti self-dual operators in (2.26):
∆mnij (A) = −Oˆ mn+ pq(A) Oˆ pq− ij(A) . (2.29)
13Like the free action (2.23) the interacting action (2.27) still has the residual 5d gauge symmetry
δBij = ∂iξj − ∂jξi, ξi = ξi(xk, 0) under which the variation of (2.27) is a total derivative: δS+ =
Tr
∫
d6x ∂6Bij
(
i ijkmn[Ak, ∂mξn]
)
= Tr
∫
d6x ∂6
(
Biji ijkmn[Ak, ∂mξn]
)
. Since the parameter does not
depend on x6, this does not imply a degeneracy of the resulting kinetic operator for generic values of 6-
momentum and thus does not require gauge fixing.
14As in (2.16) we shall ignore constant A-independent factors in Z: the operator Oˆ+ is acting on the full
Bij rather than on its transverse part as in the free case in (2.22).
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As a result, the non-chiral B-field quantum effective action (2.16) may be written as
Γ = Γ+ + Γ− , Γ± = 12 log det Oˆ±(A) . (2.30)
While Γ should be parity (P) even, Γ+ and Γ− may a priori contain imaginary P-odd parts
that cancel in their sum in (2.26) (as, e.g., in the case of an external gravitational field [11]).
However, it is easy to see that this does not happen in the present case when the external
field Ai does not depend on x
6. Indeed, ∂6 → −∂6 combined with 5 → −5 is a symmetry
of the classical action (2.27) and thus should be present also in the effective action. As the
P-odd part of Γ± should contain an odd number of 5 = (ijkmn) factors it should thus have
an odd number of p6 factors (in momentum representation) but then the integral over p6
vanishes. The absence of P-odd part implies also the absence of an anomalous (5d gauge
symmetry breaking) part of Γ±. Thus both the effective action Γ of the full non-chiral theory
and Γ+ of the self-dual theory should be invariant under the residual gauge symmetry of the
A-field in (2.17).
To conclude, we have
Γ = 2Γ+ , Γ+ = Γ− = 12 log det Oˆ+(A) . (2.31)
3 Structure of divergent part of effective action
Before describing the details of the computation of the divergent part Γ∞ of the effective
action (2.16) corresponding to non-chiral non-abelian B-field action (2.14) and the self-dual
model (2.27) and verifying their relation in (2.31), let us first discuss the general structure
of Γ∞ in a background gauge vector field.
Let us consider the 1-loop effective action for a 6d model containing standard 2-derivative
Yang-Mills vectors, scalars and spinors coupled to a background gauge field. To prepare for
the discussion of the models in the previous section we will specify to the case when the
background field is chosen to be the 5-dimensional one as in (2.8) (i.e. use indices m,n, ... =
1, ..., 5). Using, e.g., the heat kernel representation and proper-time cutoff  = Λ−2 → 0 one
finds [9] from the general expression for the corresponding heat kernel coefficient [19] (see
also [20, 21])
Γ∞ = −B6 log Λ , (3.1)
B6 =
1
(4pi)3
∫
d6x
[
− 1
60
β2 tr(DmFmnDkFkn) +
1
90
β3 tr(FmnFnkFkm)
]
. (3.2)
β2 and β3 are numerical coefficients of the two independent dimension-6 invariants built out
of the background field.15 Note that in dimensional regularization one gets Γ∞ = 1d−6B6
15The other two invariants of the same dimension are related by use of Bianchi identities:
tr(DmFknDmFkn) = 2 tr(DmFmnDkFkn)− 4 tr(FmnFnkFkm) + total derivative ,
tr(DmFknDkFmn) =
1
2 tr(DmFknDmFkn).
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where 1
d−6 corresponds to − log Λ in (3.1). Here tr is over the matrix indices of the particular
representation to which the quantum field belongs: if it is in the adjoint representation (with
hermitian generators (ta)bc = −ifabc) one has the gauge field as a matrix Aabn = facbAcn and
tr(DmFmnDkFkn) = −C2DmF amnDkF akn , facdfbcd = C2δab (3.3)
tr(FmnFnkFkm) = −12C2fabcF amnF bnkF ckm . (3.4)
For generic representation R with generators satisfying tr(tatb) = TRδ
ab one is to replace C2
in (3.3),(3.4) by TR.
For a collection of N1 6d YM vectors, N0 real scalars and N 1
2
Weyl fermions, each in
adjoint representation, one finds [9]16
β2 = −36N1 +N0 + 16N 1
2
, β3 = 4N1 +N0 − 4N 1
2
. (3.5)
Both coefficients vanish in the case of the maximally (1,1) supersymmetric YM theory (SYM)
in 6d which can be obtained by dimensional reduction from the 10d SYM giving N1 = 1, N0 =
4, N 1
2
= 2.17 Note that the expression for the coefficient β3 of the F
3 invariant in (3.5)
happens to coincide with the number of effective degrees of freedom and so it vanishes also
in the case of (1,0) 6d SYM where N1 = 1, N0 = 0, N 1
2
= 1. This is consistent with the fact
that the only possible (1,0) 6d super-invariant is the one with the bosonic part containing
(DmFmn)
2, i.e. the F 3 invariant is ruled out by (1,0) supersymmetry (see [22]).
As we shall find below, in the case of the self-dual B-field the divergent part of the effective
action Γ+ in (2.30) is given by (3.1), (3.2) with β2 = −27, β3 = −57. In the case of the non-
chiral B-field with the effective action in (2.16) these coefficients are doubled, in agreement
with (2.31). Thus, in the presence of NT self-dual tensors, the coefficients in (3.5) become
β2 = −27NT − 36N1 +N0 + 16N 1
2
, (3.6)
β3 = −57NT + 4N1 +N0 − 4N 1
2
. (3.7)
Here all fields are assumed to be in the adjoint representation; otherwise NT , N0, N 1
2
are to
be rescaled by the corresponding factors TR/C2.
4 Calculation of one-loop divergences
Let us now compute the coefficients in the logarithmically divergent part of the one-loop
effective actions Γ+ and Γ for the self-dual (2.27) and the non-chiral (2.14) 2-form models.
16We use this opportunity to correct two unfortunate misprints in [9]: d − 12 → d − 42 in eq. (3.9) (here
d = 6) and − 172 → + 190 in eq. (3.5) (results in eq. (3.6) there are correct).
17Equivalently, if we consider the (1,0) SYM coupled to one adjoint hypermultiplet we get the same 1-loop
finite theory (cf. [23]).
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We adopt dimensional regularization, by continuing the theory to d = 6− 2ε dimensions.
Since the sixth direction is treated separately in the classical action and in the gauge fixing
condition (Bi6 = 0), it is natural to keep it one-dimensional, while continuing the remaining
5 directions, setting 6 = 1 + 5 → 1 + d, d = 5 − 2ε. Within the dimensional regularization
we consider an analog of the four-dimensional helicity scheme, where all the momentum
numerator algebra is first done in an integer number of dimensions and then the scalar
integrals are continued to d dimensions. This guarantees that the number of physical states
in loops is unchanged by the regulator.
To find the coefficients in the divergent part of the effective action one may compute,
e.g., the terms quadratic and cubic in the vector field A and compare them with (3.2). This
is what we will do below. Alternatively, one may find the terms with six powers of A which
appear in (3.2) without derivatives and thus can be isolated by taking the non-abelian field A
to be constant. This will be done in Appendix C on the example of the self-dual model (2.27).
4.1 Self-dual B-field model
The effective action corresponding to the classical action (2.27) is18
Γ+ =
1
2
log det ∆+ , ∆+Bij = −∂6Oˆ+Bij = −∂6(∂6Bij + i2ijkmnDkBmn) . (4.1)
The operator ∆+ is thus linear in the background field Ai, i.e.
19
∆+ = ∆
(0) + ∆(1) , (4.2)
[∆(0)]abij,mn = −δab
(
δij,mn∂
2
6 +
i
2
ijkmn∂6∂k
)
, [∆(1)]abij,mn = − i2facbijkmnAck∂6 . (4.3)
Expanding the non-trivial part of Γ+ in powers of A, we have
Γ+ = Γ2 + Γ3 + .... , Γ2 = −14 tr
[
(∆(0))−1∆(1)(∆(0))−1∆(1)
]
, (4.4)
Γ3 =
1
6
tr
[
(∆(0))−1∆(1)(∆(0))−1∆(1)(∆(0))−1∆(1)
]
.
Since the background field Ai is independent of x6, the trace projects out all terms containing
an odd number of ∂6 factors and also produces an overall factor of length L6 =
∫
dx6. As was
already mentioned in section 2, together with the symmetry of the gauge-fixed action (2.27)
under ∂6 → −∂6 combined with 5 → −5, this implies the effective action Γ+ is parity-even.
The evaluation of traces is standard, by using momentum space basis of states and assum-
ing that the background field is Aai (xk) =
∫
d5s
(2pi)5
A˜ai (s)e
iskxk . The matrix element of (∆(0))−1
18Compared to (2.30),(2.31) here we include the A-independent factor ∂6 in the kinetic operator making
it symmetric.
19Here a, b, c are Lie algebra indices. We assume that B is in adjoint representation; otherwise tabc = −ifabc
is to be replaced by the corresponding hermitian generators.
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in momentum representation is the free B-field propagator
〈p|(∆(0))−1|p〉 → δab P jkmn(pi, p6) ,
P jkmn(pi, p6) ≡
1
(p2i + p
2
6)
(
δjkmn − i2
 jkmnq pq
p6
+ 2
p[jp[mδ
k]
n]
p26
)
. (4.5)
The matrix element of ∆(1) is the vertex
〈p+ s|∆(1)|p〉 → V ab mnij (si, p6) ≡ 12facbijkmnp6A˜ck(si) . (4.6)
4.1.1 A2 term
Inserting complete sets of momentum eigenstates between any two operators in (4.4) and
using (4.5),(4.6) and momentum conservation, we have20
Γ2 = L6
∫
d5s
(2pi)5
G2(s) , (4.7)
G2(s) = −14
∫
dp6d
dp
(2pi)d+1
V cd j1j2i1i2 (si, p6)P
k1k2
j1j2
(pi, p6) V
dc l1l2
k1k2
(−si, p6)P i1i2l1l2 (pi + si, p6) ,
where d = 5− 2 and L6 =
∫
dx6. Since the external field does not depend on x6 here all the
factors have the same 6-th component of momentum p6.
The background-field gauge invariance requires that (4.7) should vanish for constant Ai,
i.e. for si = 0. Setting si = 0 and carrying out index contractions we get
G2 ∝
∫
dp6d
dp
(2pi)d+1
3p2i + 5p
2
6
(p2i + p
2
6)
2
=
d− 5
d− 2
∫
dp6d
dp
(2pi)d+1
2 p26
(p2i + p
2
6)
2
, (4.8)
where we used the identity (B.4). Thus, for a constant external field, the A2 contribution
vanishes in d = 5 even before performing the integration over the p6 momentum.
Contracting group indices using eq. (3.3), introducing Feynman parameter y in the mo-
mentum integral, doing tensor reduction with the help of (B.2), and finally using the identity
(B.4) gives the following expression for (4.7):
Γ2 =
1
4
C2 L6
∫
d5s
(2pi)5
A˜ai (s)
(
δijs
2 − sisj
)
Π(s2) A˜aj (−s) , (4.9)
Π(s2) =
∫ 1
0
dy
∫
dp6d
dp
(2pi)d+1
(1− y)[(1− 12y) p26 − 2y s2]
2p26
[
p2i + p
2
6 + y(1− y) s2
]2 . (4.10)
The d-dimensional integral here is standard (cf. eq. (B.1)); while it is finite for d→ 5, taking
this limit before the p6 integral makes the latter divergent. To carry out the p6 integral it
20The same expression may be obtained by computing the two-point function of A and promoting it to
a term in the effective action. In this approach, the numerical factors are symmetry factors and the signs
related to resummation of one-loop corrections to the A-field two-point function.
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is convenient to change the variable p6 → µ as p6 = µ
[
y(1 − y)s2]1/2; then the remaining
µ-integral can be computed using (B.5). As a result, we find that the divergent part of the
A2 term in the effective action is
Γ2∞ =
1
d− 5
9C2
5× 28pi3L6
∫
d5s
(2pi)5
A˜ai (s) s
2
(
sisj − δijs2)A˜aj (−s) . (4.11)
Comparing this with the first term in (3.2),(3.3) (with 1
d−5 identified with − log Λ in (3.1))
we conclude that (cf. (3.6))
β2 = −27 . (4.12)
As was already mentioned below (3.4), in the case of the B-field being in generic representa-
tion R the coefficient C2 is to be replaced by the corresponding index TR.
4.1.2 A3 term
To find β3 in (3.2) we need to compute the A
3 part of the effective action. The evaluation of
Γ3 in (4.4) follows the same steps as that of Γ2. For a B-field in an arbitrary representation
(4.4) becomes
Γ3 = L6
∫
d5s1
(2pi)5
d5s2
(2pi)5
d5s3
(2pi)5
G3(s1, s2, s3) δ(5)(s1 + s2 + s3) , (4.13)
G3 = 16
∫
dp6d
dp
(2pi)d+1
tr
[
V i1i2j5j6 (s1i, p6)P
j1j2
i1i2
(pi, p6)V
i3i4
j1j2
(s2i, p6)
×P j3j4i3i4 (pi + s2i, p6)V i5i6j3j4 (s3i, p6)P j5j6i5i6 (pi + s2i + s3i, p6)
]
. (4.14)
Here V ijmn is the vertex in (4.6) with f
acb replaced by −itc where tc is hermitian generator
in some representation R (coming from the covariant derivative DiB = ∂iB − itaAaiB). To
compute the trace over the group indices we use that
tr(ta tb tc) = 1
2
TR f
abc + 1
2
AR d
abc , (4.15)
where AR is the anomaly coefficient of a given representation. In adjoint representation
TR = C2, AR = 0. The momentum-dependent coefficient of the symmetric d
abc tensor part
is P-odd (containing one power of 5) and should thus vanish identically as discussed above.
After carrying out the index contraction, Feynman parametrization and momentum in-
tegration, the divergent part of G3 may be written as (in the adjoint representation)
G3∞ = 1
d− 5
i
15× 28pi3 C2 f
a1a2a3 Ka1a2a3(s1, s2, s3) , (4.16)
where Ka1a2a3 is a 5d invariant constructed from 3 powers of the background field A˜i(sk) and
the corresponding momenta (s2r ≡ sr · sr):
Ka1a2a3 = A˜a1(s1) · s1
[
− 9A˜a2(s2) · s1
(
2A˜a3(s3) · s1 + A˜a3(s3) · s3
)
14
+A˜a2(s2) · s3
(
A˜a3(s3) · s1 + 9A˜a3(s3) · s3
)]
+A˜a1(s1) · s3
[
− A˜a2(s2) · s1
(
19A˜a3(s3) · s1 + A˜a3(s3) · s3
)
(4.17)
+A˜a2(s2) · s3
(
19A˜a3(s3) · s1 + 18A˜a3(s3) · s3
)]
+A˜a1(s1) · A˜a2(s2)
[
A˜a3(s3) · s1 (36s21 + 36s22 − 2s23) + A˜a3(s3) · s3 (17s21 + 19s22 − s23)
]
+A˜a1(s1) · A˜a3(s3)
[
A˜a2(s2) · s1 (−19s21 + s22 − 17s23) + A˜a2(s2) · s3 (17s21 − s22 + 19s23)
]
+A˜a2(s2) · A˜a3(s3)
[
A˜a1(s1) · s1 (s21 − 19s22 − 17s23) + 2A˜a1(s1) · s3 (s21 − 18s22 − 18s23)
]
.
It simplifies in the transverse background gauge siA˜
a
i (s) = 0:
Ka1a2a3 = −19 s3 · A˜a1(s1) s1 · A˜a3(s3) (s1 − s3) · A˜a2(s2)
+
[
18(s21 + s
2
2)− s23
]
A˜a1(s1) · A˜a2(s2) s1 · A˜a3(s3)
+
[
18(s22 + s
2
3)− s21
]
A˜a2(s2) · A˜a3(s3) s2 · A˜a1(s3)
+
[
18(s23 + s
2
1)− s22
]
A˜a3(s3) · A˜a1(s1) s3 · A˜a2(s2) . (4.18)
Comparing this to the two terms in (3.2) (which both contribute to the A3 term) and using
that β2 was already determined in (4.12) we conclude that (cf. (3.7))
β3 = −57 . (4.19)
We have confirmed this result independently by computing constant A6 term in the effective
action in Appendix C.
4.2 Non-chiral B-field model
In the non-chiral theory (2.14),(2.15) the effective action (2.16) is given by
Γ = 1
2
ln det ∆ , ∆Bij = −(∂26 +D2)Bij + 2δ[m[i Dn]Dj]Bmn . (4.20)
Here ∆ is quadratic in the background field Ai, i.e. (cf. (4.2),(4.3))
∆ = ∆(0) + ∆(1) + ∆(2) ,
[∆(0)]acij,mn = δ
ac
[− δij,mn(∂2i + ∂26) + 2δ[m[i∂j]∂n]] ,
[∆(1)]acij,mn = f
abc
[− δij,mn(∂kAbk + 2Abk∂k) + 2δ[i[m(Abn]∂j] + ∂n]Abj] + Abj]∂n])] ,
[∆(2)]acij,mn = f
adef ebc
[− δij,mnAdkAbk + 2δ[i[mAdn]Abj]] . (4.21)
The quadratic and cubic in Ai parts of the effective action have the structure (cf. (4.4))
Γ = Γ2 + Γ3 + ... , Γ2 =
1
2
tr
[
(∆(0))−1∆(2)
]− 1
4
tr
[
(∆(0))−1∆(1)(∆(0))−1∆(1)
]
, (4.22)
Γ3 = −12 tr
[
(∆(0))−1∆(2)(∆(0))−1∆(1)
]
+ 1
6
tr
[
(∆(0))−1∆(1)(∆(0))−1∆(1)(∆(0))−1∆(1)
]
.
15
The analogs of the relations (4.5),(4.6) in momentum representation are
〈p|(∆(0))−1|p〉 → δabP ijmn(pk, p6) , P ijmn(pk, p6) =
1
(p2i + p
2
6)
(
δijmn + 2
p[ip[mδ
j]
n]
p26
)
, (4.23)
〈p+ s|∆(1)|p〉 → V (1)ab mnij (pk, sk)
= −ifacb
[
δmnij A˜
c
k
(
sk + 2pk
)
+ 2δ
[m
[j
(
A˜ci]s
n] + A˜n]cpi] + A˜
c
i]p
n]
)]
, (4.24)
〈p+ s1 + s2|∆(2)|p〉 → V (2)ab mnij (pk, s1k, s2k) = fadef bce
(
δmnij A˜
d
kA˜
c
k + 2δ
[m
[j A˜
n]dA˜ci]
)
. (4.25)
4.2.1 A2 term
The first term in Γ2 in (4.22) is a tadpole which vanishes in dimensional regularization; the
second term gives (using the same notation as in (4.14))
Γ2 = L6
∫
d5s
(2pi)5
G2(s) , (4.26)
G2 = −14
∫
dp6d
dp
(2pi)d+1
V (1)cd j1j2i1i2 (si, p6)P
k1k2
j1j2
(pi, p6) V
(1)dc l1l2
k1k2
(pi + si,−si)P i1i2l1l2 (pi + si, p6).
Following similar steps as in the self-dual model in section 4.1.1 we find (p2 = pipi)
G2 = −32C2
∫ 1
0
dy
∫
dp6d
dp
(2pi)d+1
Q(si, pk, p6, y) , (4.27)
Q =
([
1
2
− y(1− y)]s2 + y2(1− y)2 s4
p26
+ 8
5
p2 +
[
5− 26y(1− y)] s2p2
10p26
+
12p4
5p26
)
A˜a(s) · A˜a(−s)
−
[
1
2
− 3y(1− y)− y2(1− y)2 s
2
p26
− [1− 18y(1− y)] p2
10p26
]
s · A˜a(s) s · A˜a(−s). (4.28)
It is useful to use eq. (B.4) to relate the integrals with loop momenta in the numerators to
scalar bubble integrals. Unlike the self-dual theory case, here the A2 term takes a gauge-
invariant form only after one carries out all the integrals; its divergent part is found to be
Γ2∞ =
1
d− 5
9C2
5× 28pi3L6
∫
d5s
(2pi)5
A˜ai (s) s
2
(
sisj − δijs2)A˜aj (−s) . (4.29)
This is twice the value in the self-dual case (4.11), i.e. the corresponding β2 coefficient in
(3.2) is (cf. (4.12))
β2 = −54 = 2βself-dual2 . (4.30)
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4.2.2 A3 term
Unlike the case of Γ2, the matrix element of ∆
(2) in (4.25) contributes nontrivially to Γ3 in
(4.22) (cf. (4.13))
Γ3 = L6
∫
d5s1
(2pi)5
d5s2
(2pi)5
d5s3
(2pi)5
G3(s1, s2, s3) δ(5)(s1 + s2 + s3) , (4.31)
G3 =
∫
dp6d
dp
(2pi)d+1
[
− 1
2
V (2)cd j1j2i1i2 (pi, s1i, s2i)P
k1k2
j1j2
(pi, p6)V
(1)dc l1l2
k1k2
(qi, s3i)P
i1i2
l1l2
(qi, p6)
∣∣∣
q=p−s3
+1
6
V (1)de i1i2j5j6 (pi, s2,i)P
j1j2
i1i2
(pi, p6)V
(1)ef i3i4
j1j2
(qi, s1i)
× P j3j4i3i4 (qi, p6)V (1)fd i5i6j3j4 (ri, s3i)P j5j6i5i6 (ri, p6)
∣∣∣
q=p−s1, r=p−s1−s3
]
. (4.32)
Here we used (4.15) to do the group index contraction (with the momentum-dependent
coefficient of dabc again vanishing in general) and considered the adjoint representation. In-
troducing Feynman parameters and shifting the integration variable in such a way that the
denominator becomes a symmetric function, we use the SO(d) symmetry to express the ten-
sor momentum integrals in terms of the scalar ones. Further using eq. (B.4) the integrals
with various powers of the d-momentum can be reduced to scalar triangle and/or bubble
integrals. Evaluating first the d-dimensional integral and then appropriately changing the
variable of the p6 integral one can decouple the latter from that over the Feynman param-
eters. As before, the logarithmic UV divergence we are interested in emerges after the last
(p6) integral is evaluated using (B.5).
The contribution of the first structure in (4.32) written in coordinate representation gives
a term proportional to 1
d−5L6
∫
d5x fabcAaiA
b
j∂
2(∂iA
c
j − ∂jAci) which matches the cubic term
in tr(∂mFmn)
2 in (3.2). Gauge invariance and consistency with the A2 term calculation (4.29)
are restored by the inclusion of the second term in (4.32).
The full computation is straightforward but tedious so we simply state that the final
result is consistent with (3.2) with β2 found above in (4.30) and with β3 being again twice
the value in the self-dual case (4.19):
β3 = −114 = 2βself-dual3 . (4.33)
5 Concluding remarks
In this paper we have studied a model of 6d 2-form B-fields in some representation of an
internal symmetry group G coupled consistently to a non-abelian gauge field A which “lives”
only in a 5d subspace. We computed one-loop logarithmic divergences in such a theory by
integrating out the B-field and treating the gauge field A as a background. The resulting
divergent part of the effective action (3.1),(3.2) contains the terms ∼ tr[3β2(DmFmn)2 −
2β3FmnFnkFkm] with the coefficients β2, β3 given by (3.6),(3.7) or (4.12),(4.19) in the case of
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the self-dual theory (and twice these values in the case of the non-chiral B-field model given
in (4.30),(4.33)).
The presence of these divergences suggests that in the full theory where A-field (or its
6d extension) is also quantized the higher-derivative c1(DF )
2 + c2F
3 terms should be added
to the bare 6d action.21 One may hope that these divergences could be cancelled by adding
some other fields to the model and imposing, e.g., supersymmetry constraint. For a collection
of NT self-dual tensors, N1 standard 2-derivative YM vectors, N0 real scalars and N 1
2
Weyl
fermions in 6d coupled to background vector, we conclude that22
β2 = −27NT − 36N1 +N0 + 16N 1
2
, β3 = −57NT + 4N1 +N0 − 4N 1
2
. (5.1)
Thus the self-dual B-field coupled minimally to a 5d gauge field contributes to the β2 in
the logarithmic divergent part of the effective action with the same sign as the YM vector.
A somewhat unexpected feature is that its contribution to β3 turns out to be opposite in
sign compared to other standard 2-derivative bosonic fields. A naive expectation could be
that each field should contribute to β3 proportionally to its number of dynamical degrees of
freedom:
ν = 3NT + 4N1 +N0 − 4N 1
2
. (5.2)
One may formally consider fields that form 6d supermultiplets containing self-dual B-field
and couple them to a background 5d gauge field. In the case of (1,0) tensor multiplet with
NT = 1, N1 = 0, N0 = 1, N 1
2
= 1 a natural coupling is to (1,0) SYM (N1 = 1, N0 = 0, N 1
2
=
1); in this case we would expect to get β3 = 0 as the F
3-invariant should be prohibited by
supersymmetry. However, while ν in (5.2) indeed vanishes in this case, from (5.1) we get
β3 = −60 = 2β2. This suggests that the model considered in this paper (with Ai treated as
a 5d background field) does not admit a (1,0) supersymmetric extension. This may not be
surprising as the model lacks 6d Lorentz symmetry.23
21(DF )2 + F 3 theory is of course classically conformally invariant but this symmetry will be anomalous
at loop level. Let us note that the presence of similar (DF )2 terms in 6d theory was suggested by requiring
dual conformal symmetry in six dimensions in [24], though precise connection of this to the present work is
not clear to us.
22Note that quantizing the 5d gauge field with the action L6
∫
d5x[c1(DiFij)
2+c2F
3
ij ] will not produce extra
one-loop logarithmic UV divergences as this theory is effectively 5-dimensional one. It would be interesting
to add also the one-loop contribution of the genuine 6d non-abelian vector model with the classical action∫
d6x tr[c1(DµFµν)
2 + c2FµνFνλFλµ]. Choosing the background gauge field to be a 5d one we would then get
additional contributions to β2 and β3.
23If we naively consider the case of (2,0) tensor multiplet with NT = 1, N1 = 0, N0 = 5, N 1
2
= 2, we
obtain β2 = − 16β3 = 10. It is also interesting to note that similar
∫
d6x tr[c1(DµFµν)
2 + c2FµνFνλFλµ]
divergences (or contributions to stress tensor anomaly) appear if one couples (2,0) tensor multiplet to the
R-symmetry SO(5) vector gauge field [25]; as the B-field is singlet under the SO(5), there the contribution
comes only from the coupling of the SO(5) field to the scalars and fermions.
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A possible role or application of the non-abelian coupled (B,A) model discussed in this
paper remains an open question. It might be related to some intersecting brane configuration
where a 5d gauge field lives on a 5d brane “defect”. Another option is that the 5d A-field
may happen to play an auxiliary role and eliminating it one may end up with an effective
interacting theory of a set of B-field only. Yet another possibility is the existence of a
generalization where the A gauge field becomes fully 6-dimensional, Lorentz invariance is
formally restored but the resulting classical action might become effectively non-local.
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A Free partition function
For a free rank 2 antisymmetric tensor Bµν in d dimensions with action
∫
ddxHµνλH
µνλ, H =
dB, the partition function in the covariant Feynman-like gauge (found by adding the (∂µBµν)
2
term to the action) is [26]
Z =
[ (det ∆1)2
det ∆2 (det ∆0)3
]1/2
, (A.1)
where the free Laplacians ∆n = −∂2 are defined on rank n antisymmetric tensors. The
number of dynamical degrees of freedom ν2(d) of rank 2 tensor in d dimensions extracted
from the representation of Z as [det ∆0]
−ν/2 is then
ν2(d) = C
2
d−2 =
1
2
(d− 2)(d− 3) , ν2(6) = 6 . (A.2)
For a self-dual tensor in 6 dimensions we should get ν2,+(6) = 3. Eq.(A.1) may also be
written as
Z =
[ det ∆1⊥
det ∆2⊥ det ∆0
]1/2
, (A.3)
where ∆n⊥ are defined on transverse tensors.24 The count of degrees of freedom in 6d goes
as follows: ν2(6) = (15− 5) + 1− (6− 1) = 6 (∂µBµν = 0 gives 6− 1 = 5 conditions, etc.).
24Note that det ∆1 = ∆1⊥ det ∆0, det ∆2 = det ∆2⊥ det ∆1⊥.
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The equivalent results are found also in the “axial” gauge Bi6 = 0 (i = 1, ..., 5) where
H6ij = ∂6Bij, Hijk = 3∂[iBjk]. Separating the 5d transverse part as Bij = B
⊥
ij + ∂ibj − ∂jbi
and integrating over bi one finds that the resulting determinant cancels against the ghost and
Jacobian factors and we end up with
Z =
1[
det ∆⊥
]1/2 , (A.4)
where ∆⊥ is the 6d Laplacian defined on B⊥ij . Thus (A.4) describes
1
2
× 4× 5− (5− 1) = 6
degrees of freedom (for similar discussion in the 4d vector case see eqs. (2.14),(2.15) in [27]).
Analogous considerations in the self-dual case described by the classical actions (2.19) or
(2.23) lead to the partition function (2.22) or the “square root” of (A.4) (cf. (2.25)).
B Useful integrals
We use the following standard integrals:∫
ddq
(2pi)d
1
(q2 +X)m
=
1
(4pi)d/2
Γ(m− d/2)
Γ(m)
1
Xm−d/2
, (B.1)∫
ddq
(2pi)d
qiqj
(q2 +X)n
=
1
d
∫
ddq
(2pi)d
q2δij
(q2 +X)n
, (B.2)∫
ddq
(2pi)d
qiqjqkql
(q2 +X)n
=
1
d(d+ 2)
∫
ddq
(2pi)d
(q2)2(δijδkl + δikδlj + δilδjk)
(q2 +X)n
, (B.3)
and the identity∫
ddq
(2pi)d
q2n
(q2 +X)m
= − d+ 2(n− 1)
d+ 2(n− 1)− 2(m− 1) X
∫
ddq
(2pi)d
q2n−2
(q2 +X)m
. (B.4)
The integral used for evaluation of one-dimensional integrals over p6 is∫ +∞
−∞
dµ
µ2n
(1 + µ2)m−d/2
=
Γ
(
m− n− (d+ 1)/2)Γ(n+ 1/2)
Γ(m− d/2) , m, n ∈ Z . (B.5)
C A6 term in effective action of self-dual B-field
To obtain the β2 and β3 coefficients in the divergent part of the effective action (3.2) one
may either compute the derivative-dependent A2 and A3 terms as was done in section 4, or
consider a constant non-abelian Aai -field and find the coefficients of the independent A
6 terms
in Γ. For constant potential one has F aij = f
abcAbiA
c
j and thus
DjF
a
ij DkF
a
ik = f
abcf cdefafhfhgwAbjA
d
iA
e
jA
f
kA
g
iA
w
k ,
fadg F aijF
d
jkF
g
ki = f
adgfabcfdeff ghwAbiA
c
jA
e
jA
f
kA
h
kA
w
i . (C.1)
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It is sufficient to consider the SU(2) case where fabc = abc (a = 1, 2, 3). The effective
action corresponding to the self-dual model (4.1),(4.2),(4.3) in a constant non-abelian SU(2)
background potential Aai may be written as
Γ+ =
1
2
∫
d6x
∫
d6p
(2pi)6
tr ln
[
1 + (∆(0)(p))−1∆(1)(p)
]
, (C.2)
where the propagator (∆(0))−1 and the vertex ∆(1) (linear in A) are given by (4.5),(4.6)
in momentum representation. As a result, the A6 structures coming out of the terms ∼
(Pmnij mnrklA
a
rp6)
6 are given by
Γ6 =
∫
d6x
∫
dp6
2pi
ddp
(2pi)d
1
(p2 + p26)
6 p26
[
1
35
(
I1 + 3I2 − 4I3
)
p8
−1
3
(
221
210
I1 − 4714I2 + 73I3
)
p8 +
(
3
10
I1 +
9
14
I2 − 3635I3
)
p4p46
+
(
7
10
I1 − 32I2 + 15I3
)
p2p66 +
(
5
6
I1 − 12I2 + 23I3
)
p86
]
, (C.3)
where p2 = pipi and the 6-volume factorizes. We introduced the following notations for the
A6 contractions
I1 = Q
acQabQbc , I2 = Q
aaQbcQbc , I3 = Q
aaQbbQcc , Qab ≡ AaiAbi , (C.4)
in terms of which the two invariants in (C.1) have the forms
F 3 ≡ fadgF aijF djkF gki = 2I1 − 3I2 + I3 , (DF )2 ≡ DjF aij DkF aik = I1 − 2I2 + I3 . (C.5)
Using (B.4) we can rewrite the integrals in (C.3) as (setting d = 5 in the coefficients)∫
ddp
1
(p2 + p26)
6 p26
{
p8, p8, p4p46, p
2p66
}
=
{− 231, 21, 7
3
, 1
}∫
ddp
p66
(p2 + p26)
6
. (C.6)
Then the effective action (C.3) takes the form consistent with gauge invariance (cf. (C.5))
Γ6 = −1615c
∫
d6x
(
11I1 − 3I2 − 8I3
)
= 16
15
c
∫
d6x
[
27(DF )2 − 19F 3] , (C.7)
c ≡
∫
dp6
2pi
ddp
(2pi)d
p66
(p2 + p26)
6
= − 1
211pi3(d− 5) + ... . (C.8)
Here to isolate the UV logarithmic divergence we integrated over p6, used (B.1) and took
d→ 5 ignoring IR singularity (which is related to the expansion in powers of constant A)∫ ∞
−∞
dp6
2pi
p66
(p2 + p26)
6
=
3
512p5
,
∫
ddp
(2pi)d
1
p5
→ 1
(4pi)d/2
Γ(5−d
2
)
Γ(5
2
)
= − 1
12pi3(d− 5) + ... (C.9)
Thus finally
Γ6∞ = − 1
27pi3 (d− 5)
∫
d6x
[
9
5
(DF )2 − 19
15
F 3
]
. (C.10)
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Using that 1
d−5 → − log Λ and that C2 = 2 in the SU(2) case this can be written also as
Γ6∞ =
1
28pi3
C2 log Λ
∫
d6x
[
9
5
(DF )2 − 19
15
F 3
]
, (C.11)
which is consistent with (3.1),(3.2),(3.3),(3.4) for the same values of the coefficients
β2 = −27 , β3 = −57 , (C.12)
as found in section 4.
D Non-abelian chiral 4d vector model
Here we consider a 4d analog of the 6d self-dual B-field model (2.27) where the tensor field
Bij is replaced by a vector Bi (with i = 1, 2, 3) which is coupled to a gauge field living in a
3d subspace (or a “defect”):
S4 =
∫
dx4d
3x
[
(∂4B
a
i )
2 + im ijkB
a
iDkB
a
j
]
, DkB
a
i = ∂kB
a
i + f
abcAbkB
c
i . (D.1)
We assume that Bi is in adjoint representation and depends on all 4 coordinates while A
a
i
depends only on 3 coordinates xi. Here we can not have ∂4 in the ijk term as otherwise this
term vanishes, so we need to introduce a mass parameter m to balance the dimensions. The
action is invariant under the local symmetry (with U = U(xi), cf. (2.17))
B′i = UBiU
−1 , A′i = U(Ai + ∂i)U
−1 . (D.2)
Integrating out the Bi-field one should then get a gauge-invariant effective action Γ(A) de-
pending on the 3d field Ai. Since the classical action is not parity-invariant, Γ may contain
a non-local P-odd part.
The analogs of the propagator (4.5) and the vertex (4.6) linear in A here are (p2 = pipi)
P abij = δ
abPij(ps, p4) =
δab
m2p2 + p44
(
p24δij −mijkpk +
m2
p24
pipj
)
, V abcijk = −mijkfabc (D.3)
To compute the effective action we use dimensional regularization in a 3d variant of the 4d
helicity scheme, in which all the numerator algebra is carried out in 3 dimensions and then
the remaining scalar momentum integrals are done in d = 3−2 dimensions (with p4 integral
treated as 1-dimensional one).
The one-loop two-point function of the external Aai -field appearing in the A
2 term of the
effective action may be written as (ks is an external 3-momentum)
iΠabij (ks) =
∫
dp4
2pi
ddp
(2pi)d
V cdamni P
de
nr (ps, p4)V
efb
rqj P
fc
qm(ps + ks, p4) = iδ
abΠij(ks) ,
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iΠij(ks) = −m2C2imnjpr
∫
dp4
2pi
ddp
(2pi)d
Pnr(pi, p4)Pqm(pi + ki, p4) . (D.4)
Using the identity (B.4) with n = 1 (which is equivalent to
∫
ddq
(2pi)d
∂
∂qµ
qµ
q2+X
= 0) and intro-
ducing the Feynman parameter y leads to
iΠij(ks) = −m2C2
∫ 1
0
dy
∫
dp4
2pi
ddp
(2pi)d
Nij(ks, p4, y)
p44
[
m2p2 + p44 +m
2y(1− y)k2]2 , (D.5)
Nij = m
2y(1− y)(4p44 +m2k2)(k2δij − kikj)− 2md−1d−2 p24
[
p44 +m
2y(1− y)k2]ijsks .
Performing the pi integral using (B.1) gives
iΠij = −m2−dC2Γ(2− d/2)
(4pi)d/2
∫ 1
0
dy
∫
dp4
2pi
Nij(ks, p4, y)
p44
[
p44 +m
2y(1− y)k2]2−d/2 . (D.6)
To integrate over p4 we first change the variable to µ as p4 = µ[m
2y(1 − y)k2]1/4 and then
use (B.5). Integrating over y we finally obtain
iΠij = − 130pi
(m2
k2
)1/4
(k2δij − kikj)− 16pi
(
m2k2
)1/4
ijrkr . (D.7)
In contrast to the 6d case in (4.7)–(4.11), here the A2 term in the effective action is UV
finite and contains two 3d gauge-invariant non-local structures: P-even one
∫
Fij(
m2
∂2
)1/4Fij
and P-odd one
∫
kijAk(m
2∂2)1/4Fij.
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